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Abstract
Conversion of truncated Airy waves (AWs) carried by the second-harmonic (SH) component
into axisymmetric χ2 solitons is considered in the 2D system with the quadratic nonlinearity. The
spontaneous conversion is driven by the parametric instability of the SH wave. The input in the
form of the AW vortex is considered too. As a result, one, two, or three stable solitons emerge
in a well-defined form, unlike the recently studied 1D setting, where the picture is obscured by
radiation jets. Shares of the total power captured by the emerging solitons and conversion efficiency
are found as functions of parameters of the AW input.
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Intrinsic structure of waves may steer their propagation along curved trajectories, a well-
known example being Airy waves (AWs) in linear media [1]-[4]. Realizations of AWs have
been predicted and demonstrated in optics [3]-[9], plasmonics [10]-[12], electron beams [13],
and gas discharge [14]. In linear media, the propagation of two-dimensional (2D) factorized
AWs has been demonstrated too [1, 3, 4, 15, 16].
Considerable work has been done on the dynamics of AWs in media with cubic [17]-[22]
and quadratic (χ(2)) [23]-[24] nonlinearities, including generation of solitons by AWs, and
the 2D propagation in a χ(2) medium [25]. Most works dealing with the χ(2) nonlinearity ad-
dressed the upconversion scenario, i.e., the AW was launched in the fundamental-frequency
(FF) component, generating the second-harmonic (SH) wave [26]-[28]. The downconversion
of the 1D truncated AW launched in the SH, which spontaneously generates the FF com-
ponent due to the parametric instability of the SH wave, was recently considered in Ref.
[29]. The spontaneous downconversion, initiated by random perturbations amplified by the
parametric instability [30, 31], produces sets of one, two, or three solitons alternating with
iregular radiation “jets”. The generation of the solitons from the SH AW establishes the
direct dynamical link between two distinct types of eigenmodes in the quadratic medium,
viz., the single-color AWs and two-color solitons.
The objective of the present work, suggested by the stability of fundamental 2D χ(2)
solitons [26]-[28] (the first reported χ(2) solitons were two-dimensional [32]), is to establish
such a link in 2D, via the spontaneous downconversion of two-dimensional AWs. The results
are essentially “cleaner” than in the 1D case, i.e., emerging solitons are well pronounced, with
no conspicuous radiation features or irregularities obscuring the picture. We also consider
the downconversion of the input in the form of an AW vortex, which is another single-color
eigenmode in 2D. In accordance with the fact that χ(2) vortex solitons are unstable [33]-[35],
it is found that such an input generates solely fundamental solitons.
The 2D spatial-domain evolution of the FF and SH wave amplitudes, u and w, is governed
by well-known scaled equations [26]-[28]:
iuz + (1/2)∇2u+ u∗w = 0, (1)
2iwz − qw + (1/2)∇2w + u2/2 = 0, (2)
where z is the propagation distance, (x, y) transverse coordinates, ∇ the respective gradient,
and the mismatch parameter may be scaled to three values: q = −1, 0,+1. The system
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conserves the total power, vectorial momentum, and angular momentum (as well as the
Hamiltonian):
P =
∫ ∫ (|u|2 + 4|w|2) dxdy, (3)
M = i
∫ ∫
[(u∇u∗ + 2w∇w∗)− c.c.] dxdy, (4)
Ω =
i
2
∫ ∫ {[
u
(
x
∂
∂y
− y ∂
∂x
)
u∗
+2w
(
x
∂
∂y
− y ∂
∂x
)
w∗
]
− c.c.
}
dxdy, (5)
where c.c. stands for the complex-conjugate expression.
In the absence of the FF component, exact 2D eigenmodes are generated by the SH input
in the form of factorized truncated AWs,
w (x, y, z = 0) = W0Ai (αx) Ai (αy) e
(α/A)(x+y)
≡ AA (x, y) , v(x, y, z = 0) = 0. (6)
where Ai is the Airy function, with W0 and 1/α determining the amplitude and spatial scale
of the wave, whose total power is made finite by means of the truncation parameter, A [3]:
P = W 20
(
8piα2
)−1
A exp
[
(4/3)A−3
]
. (7)
More general solutions may be produced by anisotropic inputs, with Ai (αy) in Eq. (6)
replaced by Ai (βy), β 6= α.
Fundamental solutions of Eqs. (1) and (2) are 2D isotropic solitons, whose existence
and stability for large q > 0 can be easily explained by means of the cascading limit
[26]: in this case, a solution to Eq. (2) is approximated, at the first two orders, by
w =
[
(2q)−1 + (2q)−2∇2] (u2). The substitution of this in Eq. (1) leads to a generalized
nonlinear Schro¨dinger (NLS) equation,
iuz + (1/2)∇2u+ (2q)−1 |u|2u+ (2q)−2 u∗∇2
(
u2
)
= 0. (8)
The last term here, which corresponds to term δH = (8q2)−1 |∇(u2)|2 in the Hamiltonian
density, is similar to, but different from, the one which accounts for a finite interaction radius
in the Gross-Pitaevskii equation for atomic Bose-Einstein condensates, viz., u∇2(|u|2) [36]).
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A usual estimate [37] demonstrates that this term stabilizes 2D NLS solitons by arresting
their collapse. It is shown below that the AW structure of the input, driving self-stretching of
the field, prevents approaching the quasi-collapse in the χ(2) system, and thus facilitates the
creation of one or several solitons (a similar trend was reported in the cubic NLS equation
[22]).
Results produced by systematic simulations of Eqs. (1) and (2) with initial conditions
given by Eq. (6) with the FF component seeded by a small random perturbation with
amplitude ∼ 0.001, are presented below for q = 0 and q = +1. The outcome does not
depend on a particular realization of the random seed, which is explained by the fact that
the system selects an eigenmode of the parametric instability from the random perturbation.
In agreement with Eq. (8), solitons were not found at q = −1. The results are reported
for A ≤ 20, the respective FWHM width of the input in the x and y directions being ≤ 30;
otherwise, the necessary integration domain is too large, and the respective spatial area of
the experimental realization may also be too large.
The results for q = 0 are summarized in Fig. 1, which shows the number of solitons (none,
one, or two) generated by the AW input, in the space of its parameters, (A,α, P ). The full
diagram in the 3D parameter space looking cumbersome, Figs. 1(a,b) display its typical
2D slice projected onto the (A,α) and (A,P ) planes. Naturally, the number of the solitons
increases with P in Fig. 1(b). At A ≥ 10, the results are simple in terms of α: two, one,
and no solitons are generated, respectively, at α < 0.075, 0.075 < α < 0.17, and α > 0.17
in Fig. 1(a). Three solitons can be generated at very small α (this case is not shown in
Fig. 1). In particular, three solitons with nearly equal powers, each carrying share ' 0.12
of the total input power (7), cf. Fig. 5 below, are generated by the input with W0 = 0.39,
α = 0.05, A = 5.
Typical examples of the generation of a single soliton and two solitons are displayed in
Figs. 2 and 3, respectively. In particular, the single soliton emerging in Fig. 2 traps the share
of the initial total power (3) which is 0.251, the rest being spent on the generation of small-
amplitude radiation (see also Fig. 5 below). For two solitons in Fig. 3, respective shares of
the initial total power are 0.200 and 0.376. The figures display self-trapping of the originally
diffuse fields, via transient oscillations, into quasi-stationary 2D solitons. Trajectories of the
emerging solitons are clearly seen too. Note that, when the single soliton is generated, it
moves in the same direction in which the self-bending AW, initiated by input (6), would
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FIG. 1: (a,b): Projections of a typical slice of the diagram in the parameter space (A,α, P ) onto
planes (A,α) and (A,P ), showing the number of solitons (0, 1, or 2) generated by input (6) through
the downconversion, in the system with q = 0.
move as the eigenmode of the linear SH equation. On the other hand, in Fig. 3 two solitons
move in opposite directions, although the self-bending direction determined by the AW input
remains dominant. It was checked that the simulations keep zero value of total momentum
(4), in accordance with the fact that it is zero for input (6). The momentum of the moving
solitons is compensated by recoil absorbed by the small-amplitude radiation.
As mentioned above, it the case of q = 0 in Eq. (2), the generation of three solitons by
the AW input (6) requires very small values of α and, accordingly, a very broad simulation
domain. The creation of multiple solitons is facilitated by taking q = +1, as shown in Fig.
4, where an additional weak soliton appears between two stronger ones. In this case, two
emerging solitons move in the direction determined by the AW input, while the third (left)
soliton moves backwards.
Unlike the 1D setting considered in Ref. [29], where relatively strong radiation “jets” were
generated, in addition to solitons, making the overall picture rather messy, in the 2D system
the radiation field does not form conspicuous features, allowing the solitons to emerge in a
clean form, as seen in Fig. 5, where rhombus data points show the relative intensity of the
FF radiation field outside of the soliton’s cores. The result is less clean in the case when
two solitons are created, as the radiation field has a higher amplitude between them.
An essential characteristic of the emerging set of solitons is the share of total power
(3) carried away by each one. For the cases when one or two solitons are generated, the
corresponding results are summarized in Fig. 5 (in the region shown in the figure, three
solitons do not emerge, but results for the three-soliton set created at α = 0.05 are mentioned
above, with each soliton’s power share close to 0.12). Naturally, the shares decrease with
the increase of truncation parameter A in input (6), as the total power grows, roughly, ∼ A,
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FIG. 2: A typical example of the generation of a single 2D soliton by input (6), with W0 = 0.3481,
α = 0.0857, A = 10, and q = 0 in Eq. (2). The first and second rows display, respectively,
distributions of the power density of the FF and SH components, u and w, in the transverse plane
at the early stage of the evolution (z = 200), and at z = 1000, when the well-defined soliton
is observed. The third and fourth rows: The evolution of the FF power-density profile in the
projection onto plane (x, z), and the peak power of the FF components vs. z, which illustrate the
self-trapping of the soliton.
as per Eq. (7), while parameters of the emerging solitons weakly depend on A. The creation
of the solitons is also characterized by the conversion efficiency, quantified in Fig. 5 by the
share of the total power which is kept by the SH component of the wave field.
We also ran systematic simulations for the transformation of the Airy vortex, generated
by input
w (x, y, z = 0) = (∂/∂x+ i∂/∂y) AA (x, y) , (9)
where AA (x, y) is the truncated factorized AW in Eq. (6). Angular momentum (5) of
this waveform is Ω = 4
∫ ∫ [
(∂AA/∂x)2 + (∂AA/∂y)2
]
dxdy. In the framework of the
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FIG. 3: The same as in Fig. 2, but for a typical example of the generation of two solitons, at
W0 = 0.2984, α = 0.05701, A = 10, and q = 0. The third and fourth rows show, severally, the
trajectories of the solitons. In the bottom row, magenta and black lines show the evolution of the
peak powers of the FF component in the left and right solitons, respectively.
SH linear equation, this input gives rise to a solution produced by the action of operator
(∂/∂x+ i∂/∂y) onto the AW.
A typical example of the vortex input and its evolution is displayed in Fig. 6. The mode
quickly loses its vorticity and transforms into a single fundamental soliton, moving in the
positive x direction. In the case shown in Fig. 6, the total input power (7) is 12.561, the
emerging soliton carrying away its share ≈ 0.22. The rest of the power is scattered in the
form of small-amplitude radiation, which also absorbs the entire angular momentum of the
initial vortex.
In conclusion, we have explored the scenario of the downconversion of AWs (Airy waves) in
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FIG. 4: Trajectories of three solitons generated with W0 = 3.183, α = 0.1714, A = 10, and q = +1
in Eq. (2).
FIG. 5: The share of total power (3), trapped in the emerging solitons generated by Eqs. (1)
and (2) with q = 0, is shown by squares as a function of truncation parameter A, while α is
slightly varied to maintain constant FWHM = 20 of input (6). The double square at A = 20 labels
the case when two solitons are created. The cleanness of the emerging solitons is quantified by
rhombuses, which show the relative squared amplitude of the radiative component of the FF field,
(|u(x, y)|2)(rad)max /(|u(x, y)|2)(sol)max), at z = 1000. Circles show the share of the total power (3) kept by
the SH component.
the 2D χ(2)medium, which is initiated by random perturbations amplified by the parametric
instability of the AWs and Airy vortices in the SH component. The spontaneous downcon-
version generates one or more stable fundamental solitons in the “clean” form, unlike the
1D setting, where the picture is complicated by radiation jets. A challenging possibility is
to extend the analysis to 3D, where the χ(2) nonlinearity supports stable spatiotemporal
solitons [38]-[40], that may be generated by the 3D instability of quasi-2D solitons [40–42].
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FIG. 6: Left and right top panels show the amplitude, |w(x, y)|, and phase distributions for the
input in the form of the Airy vortex, given by Eq. (9) with W0 = 2.6452, α = 0.171, A = 5. The
bottom panel displays the trajectory of the single fundamental soliton into which the vortex is
converted.
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